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Kernel Methods and their Problems for Large Scale Data The Math behind
® Extensive theory, good performance for small and medium sized training sets ® Dataset D := ((x1,¥1),...,(Xn, ¥n)) drawn i.i.d. from a probability measure P.
e Complexity for some domain-driven exponent a € [1,2]: ® |_earn an individual SVM on each cell by solving for a regularization
O(r?) in memory and O(n'**) in time parameter )\; > 0 the optimization problem
e.g. if n =100 000 then kernel matrix needs 64GB of memory. .. fp. .~ = arg min Nl Fll5 + :_7 Z L(y;, f(x)),
feH, ki
7j X,'7y,'€Dj
Old Idea: Random Chunks (RC) where
Split data into random partitions of size k. [ :Y xR —[0,00)is aconvex loss function,
® Pros: kernel matrix has complexity O(k - n) and solver O(k® - n) e H is an RKHS over A; with kernel parameter ;.
® Cons: testing is O(n x n’) for n’ test samples and generalization error is poor ® Define the final decision function fp 5, : X — R by
and does not profit from more cells (see experiments). m
: - foar(X) = 1a(X)fp0.,(X), (1)
Our Idea: Spatial Decompositions =1
SVMs are local: Partition input space and then train and test locally: where A = (Aq,..., Apm) and v = (v1,...,vm).
e Partition input space X into cells A := (A));-1.._m and define local data set ] .
D= {(x,y) e D: x € A}. Assumption on Paortltlon
e Train an individual support vector machine (SVM) on each cell. ® Let A be such that A; # 0 for all A; € A and such that for r > 0 we have
e Test x € A; by evaluating local decision function in x. ra < r< 16m 3. 2)

Now: memory complexity and solver complexity as for RC but also testing com-

e Toy Example: Voronoi partition fulfils condition (2).
plexity O(k - ') < O(n- n’) and generalization error become better and better! y P P (2)

. , _ Margin Conditions
Algo Kernel matrix Solver  Testing to improve error,

(memory)  (time) (time) increase ® Define n(x) := P(y = 1|x), x € X and the sets -
global O(d-m) O(n-n*) O -n-n) n X1 ={xeX:n(x)>1/2},
RC O(d-k-n) O(n-k* O(d-n-n) k X ={xeX:nx)<1/2}. - ;
spatial O(d-k-n) O(n-k*) O(d-n"-k)  kand/orn e We call the function A,: X — [0, o), where E ey
Table 1: Training set of size d x n, test set of size n’ and cells of mean size k. . . e e
J : dist(x, X1) ifx e X 4, - - | ;
- : : igure 2: Almost no samples aroun
Tov Example Al th Ap(x) = < dist(x, X_1) ifx € Xj, the DB yield large 3 (bottom left); high
oy P g_orl m 0 otherwise, concentration with malicious noise
Mixture of two Gaussians, one with Eﬁg“:::: TA ttra'”'”g dataset U and a test set [ around the DB gives low 3 (center).
, ure: Test error - P
labels 1, the other with labels —1: 1: Find m centres (e.g. by farthest-first traversal). d!stance to the decision b/oundary (DB)’ where
2. foralli=1,...ndo dISt(X, A) = mfx’eA HX — X H2
“ 3: Find nearest center j of x; and add (x;, y;) to D;. e AA :
v ond for j ® P has margin-noise exponent 5 € (0, oo] If
5: forallj=1,....,mdo there exists a cyne > 1 such thatforall t > 0
) 6: Calculate SVM fp, ), . ;
7. end for 2n(x) — 1| dPx(x) < t)’
. 8: foralli:1,...n/d0 /{‘A(X)<t}’ 77( ) ‘ X( )_(CMNE)
9:  Find nearest center j of x/ and add (x;,y/) to D. ! | |
10: end for ® P has (Tsybakov) noise exponent g € [0, oo] if
g 11: forallj=1,... mdo : _ . . o
12:  Calculate test error R, p(fp, ;) on test cell D, there exists a cye > 0 such that for all £ > 0 Figure 3: This 2-dim. projection of
. 13: end for / PX({\ZU(X) 4 ‘ - t}) < (CNEt)q the diabetis data set has small noise
s ; ; ; ey | M iy - ' exponent g. The margin-noise
. return global test error WZH 1D - R o fo)- _ _ _
i e Toy Example: g =1 and g = 2. exponent (3 is not small since there is
Experiments noise around DB.
HIGGS HEPMASS ;;“-G:SZEN-;S_OR-; HIGGS R HEPMASS GASSENSOR Mai n Assu mptions
e e ® P has margin-noise exponent 8 and noise exponent g.
Tl ® Let assumption (2) on the partition hold. Let L be the hinge loss and let H,, be
I R R e R I T an RKHS over A; with Gaussian kernel parameter ; <.
0234, — T | 0209 g ,_RNA --------- o.23-,/\jli,. 0204 ~ " - - ] _
B e v [ e e R PSS S (e e Finite Sample Bound
N = I R r@fj O = e A Forallpc (0,1), n> 1,7 > 1 with - < nthe SVM in (1) satisfies
. :;";#;' 005-\\ o,o4-§ - '+"4‘*-+'+'+- " \\\'\\\.\'\ ) 004 —:\\”-\‘%\W 1 m T g1 r 2p m _d+2p p %
= SKINl-O - cell si(:) - SKIN = 1 B 100 1 —— 2000 : RL,P(fD,)\,'y) o RZP S C(Z )\jfyj_d + Vﬁ]ax + (B) " i 7 Z )\1_1,-)/ g PX(AI) )
0.0025 e muvoiioeeee —— 2000 0.00259 e-.._ .- —#- 5000 j=1 j=1
sl o0 ] e with probability P" not less than 1 — 3e~7. The constant C > 0 depends only on
0.00104 - 0.00104 :'- ?Zgﬁzsition type d and .
0.0005 (E::FZE;S'UO" e 0-0005_\\\&-4'-\-;-;.,,\--; ---- random chunk 7 6’ p q
o training set size (in millions, logarithmic) o : o training time (in minutes, logarithmic) Learning Rate
Figure 1: Training set size and training time. All times include 5-fold cross-validation on a ® For a suitable choice of r,, A, and ~, we achieve for the local SVM the rate
10 x 10-hyperparameter grid.
8 yperp J n_ﬁ(qu()qij()qH)%,
size dim 2000 5000 10000 15000 hame time (in sec.) used in phase RAM : \/ 2 ..
(mio,) training time (in min)  (k - 2000) sart. Kernel calo. solver valid.  sel test where 5. Ca.n be chosen grbltrary small. Toy Examplel. Yields rate n i
HIGGS 10.0 28 308 679 1358 1992 HIGGS 40 2887 11862 994 1030 322  3f ® Rate coincides always with the fastest known rate which can be achieved by
HEPMASS 70 28 145 316 624 964 HEPMASS 26 2022 4235 682 560 208 22 a global SVM
GASSENSOR 75 18 90 214 421 636 GASSENSOR 2f 2354 729 633 541 166 21 9 ' _ _
SUSY 45 18 121 261 513 779 SUSY 18 1206 4419 448 374 141 13 ® Rates can be obtained by a data-dependent parameter selection strategy
COVTYPE 05 54 9 18 39 54 COVTYPE 3 138 206 44 47 13 3 ith K - h
COD-RNA 0.2 9 4 9 16 25 COD-RNA 1 69 76 20 21 7 1 Wlt OUt nOW|ngt e parameters
SKIN 02 3 2 6 10 16 SKIN 1 53 21 18 11 3 1
Table 2: Detailed Times for Spatial Decompositions. References
All experiments used 1iquidSVM, see http://www.isa.uni-stuttgart.de/software/. [1]P. Thomann, |. Blaschzyk, M. Meister, and |. Steinwart.
=) 0 Spatial decompositions for large scale svms.
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